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SOME RESULTS ON SECOND-ORDER ELLIPTIC OPERATORS
WITH POLYNOMIALLY GROWING COEFFICIENTS IN
Lp-SPACES
SALLAH EDDINE BOUTIAH, LOREDANA CASO, FEDERICA GREGORIO,
AND CRISTIAN TACELLI
Abstract. In this paper we study minimal realizations in Lp(RN ) of the second
order elliptic operator
A := (1 + |x|α)∆ + b|x|α−2x · ∇ − c|x|α−2 − |x|β , x ∈ RN ,
where N ≥ 3, α ∈ [0, 2), β > 0, and b, c are real numbers. We prove that
A =
(
A,C∞c
(
R
N \ {0}
))
admits an extension that generates a C0-semigroup for
all p ∈ (1,∞). Moreover, we give conditions on p,N, b, c under which the extension
coincides with the closure of A.
1. Introduction
Second order elliptic operators with bounded coefficients have been widely stud-
ied in the literature and nowadays they are well understood, see the recent mono-
graph [23]. In recent years there have been substantial developments in the theory
of second order elliptic operators with unbounded coefficients. The latters arise as
a model in many field of science, especially in stochastic analysis and mathematical
finance, where stochastic models lead to equations with unbounded coefficients, e.g.,
the well known Black-Scholes equation. The developments regarding operators with
unbounded coefficients are well documented see, for example, [9], [5], [10], [11], [12],
[16], [17], [20], [21], [22], [24], [27], [28], [29], [30], [31], [7], [8], [3] and the references
therein.
The present paper is devoted to the study of the following elliptic operator
Au(x) = (1 + |x|α)∆u(x) + b|x|α−2x · ∇u(x)− c|x|α−2u(x)− |x|βu(x), x ∈ RN ,
where N ≥ 3, α ∈ [0, 2), β > 0 and b, c ∈ R.
The case α > 2 has been treated in [4]. In particular, the authors studied the
complete operator A under the assumptions α > 2, β > α− 2, b ∈ R and c = 0. The
main result is that the semigroup generated by a suitable realization of A in Lp(RN )
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for 1 < p < ∞ is strongly continuous and analytic. See also [1] and [16] for the case
α ≥ 0 and β = −2 and [9] for the case b = c = 0.
The operator A without potential term c|x|α−2+ |x|β is studied in [17] for α ∈ (1, 2]
and in [30] for α > 2. After a modification of the drift term b|x|α−2x · ∇ near the
origin for α < 2, it is proven in [17] that the Lp-realization of A generates an analytic
semigroup in Lp(RN ), 1 ≤ p ≤ ∞. Whereas for α > 2, in [30], the generation of an
analytic semigroup in Lp(RN ) is stated for p > NN−2−b .
The Schro¨dinger-type operators (1+|x|α)∆−|x|β in Lp(RN ) have been considered in
[22] and [9]. In [22] the generation of an analytic semigroup in Lp(RN ) for α ∈ [0, 2]
and β ≥ 0 is obtained. In [9] the same result is obtained in the case α > 2 and
β > α− 2.
The operator with only diffusion term was studied in [27] and [31]. In [27] the
authors proved that for N ≥ 3, p > NN−2 and α > 2, the maximal realization of the
operator (1+ |x|α)∆ in Lp(RN ) generates an analytic semigroup which is contractive
if and only if p ≥ N+α−2N−2 . The case α ≤ 2 has been trated in [31] and in this case no
constraints on p appear.
In [24] the authors showed that the operator |x|α∆+b|x|α−2x·∇−c|x|α−2 generates
a strongly continuous semigroup in Lp(RN ) if s1+min{0, 2−α} < Np < s2+max{0, 2−
α}, where si are the roots of the equation c+ s(N − 2 + b− s) = 0.
We note here that methods and results are twofold for α ≤ 2 or α > 2. In particular,
the generation results for α > 2 depend upon the dimension N ; except for the case
when the potential term has the form |x|β with β > α− 2.
Our aim in this paper is to complete the picture considering the complete operator
A = Ab,c = (1 + |x|α)∆ + b|x|α−2x · ∇ − c|x|α−2 − |x|β
in the case α < 2. With the assumptions β > 0 and α < 2 the operator Ab,c has
unbounded coefficients at infinity and local singularities in the drift and potential
term. In order to treat this singularity in the origin we are forced to consider the set
D0 := C∞c
(
R
N \ {0}).
We consider the minimal realization of Ab,c in L
p(RN ): Our main focus is to estab-
lish if an extension of A := (Ab,c,D0) is the generator of a C0−semigroup and when
this extension is exactly its closure A. We point out that because of the singulari-
ties some conditions on p and N arise if one asks for essential m−accretiveness. For
instance, the Laplace operator −∆ on D0 is essentially m−accretive if p ≤ N2 .
The Schro¨dinger operator −∆+ c|x|−2 defined on D0 is essentially m−accretive in
L2(RN ) if and only if c ≥ 1 − (N−2)24 and N > 4 (see [19]), the constant (N−2)
2
4 − 1
being the best possible. See also [13] for other similar results. As regards the Lp(RN )
setting Okazawa shows that −∆ + c|x|−2 is essentially m−accretive if c ≥ c0(N, p)
where c0(N, p) depends on N and p (see [32]).
We start studying the operator via form methods. After proving some useful esti-
mates we show that the introduced bilinear form is associated to a suitable extension
of the operator A that generates a strongly continous analytic semigroup on L2(RN ).
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We then prove that this semigroup is sub-Markovian if c ≥ 0 and therefore extrapo-
lates to a family of consistent C0-semigroups on L
p(RN ), 1 ≤ p ≤ ∞. The case c < 0,
that means that the diffusion and the potential terms have the same sign, is more
involved. Here an approximation technique is needed to obtain a family of consistent
C0-semigroups on L
p(RN ), 1 < p <∞. In each case the generators of the semigroups
etAb,c , denoted by Ap = (Ab,c,Dp(A)), are extensions of A.
In order to investigate when Ap coincides with the closure of A we apply a pertur-
bation theorem for linear m-accretive operators due to N. Okazawa, [33]. We consider
the Schro¨dinger operator A0,0 = (1 + |x|α)∆ − |x|β already studied in [22] and per-
turbe it with the potential |x|α−2. Since a suitable realization of A0,0 is the generator
of a C0-semigroup and D =: C∞c (RN ) is a core, an application of Okazawa’s Theorem
gives that
−A0,0 + c|x|α−2 = −(1 + |x|α)∆ + |x|β + c|x|α−2,
c ∈ R, is essentially quasi m−accretive on D if 1 < p < N−α2−α . Then, by means of a
transformation, we can consider also the drift term, and then we obtain that Ap is the
closure of (Ab,c,D) and it generates an analytic C0−semigroup if 1 < p < N−α2−α . In the
limit case p = N−α2−α an additional condition is required:
(
N
p − 2 + α
)(
N
p′ − α+ b
)
+
c > 0. We finally prove that under these conditions also D0 is a core for Ap and,
moreover, we give more information on the domain Dp(A).
The following theorem summarizes the main results of the paper.
Theorem 1.1. Suppose that N ≥ 3, α ∈ [0, 2), β > 0, and b, c ∈ R.
(i) For every 1 < p <∞, α 6= 0, there exists Ap = (Ab,c,Dp(A)), an extension of
A = (Ab,c,D0), that generates a C0-semigroup in Lp(RN ).
(ii) If 1 < p < N−α2−α or else p =
N−α
2−α and
(
N
p − 2 + α
)(
N
p′ − α+ b
)
+ c > 0, then
Ap = A and it generates an analytic C0−semigroup. Moreover, in this case
Dp(A) ⊂ {u ∈ Lp(RN )∩W 2,ploc (RN\{0}) : (1+|x|α)D2u, ||x|α−1∇u|, |x|α−2u, |x|βu ∈ Lp(RN )}.
The paper is organized as follows. In Section 2 the operator Ab,c is studied via
quadratic form methods. In Section 3 we discuss the sectoriality of Ab,c in the sense
of [18, Definitions I.5.8]. Section 4 is concerned to the quasi m-accretiveness of the
operator A0,c. The main task in Section 5 is to prove the essential maximality of the
complete operator Ab,c and study Dp(A).
2. The operator defined via quadratic forms
Let N ≥ 3, α ∈ (0, 2), b, c ∈ R. In order to emphasize the dependence on the
coefficients b and c we denote the operator A by
A = Ab,c = (1 + |x|α)∆ + b|x|α−2x · ∇ − c|x|α−2 − |x|β, x ∈ RN .
The purpose of this section is to study the operator Ab,c via quadratic form methods
in L2(RN ). To this aim we observe that if u, v ∈ D0 = C∞c (RN\{0}) then the following
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holds
−
∫
RN
Auv dx =
∫
RN
(
(1 + |x|α)∇u · ∇v + (α− b)|x|α−2x · ∇uv + c|x|α−2uv + |x|βuv
)
dx.
(2.1)
Hence we define the bilinear form
a(u, v) =
∫
RN
(
(1 + |x|α)∇u · ∇v + (α− b)|x|α−2x · ∇u v + c|x|α−2uv + |x|βuv + λuv
)
dx,
(2.2)
D(a) = {u ∈ H1(RN ) : (1 + |x|α) 12 ∇u, (|x|α−2) 12 u,(|x|β) 12 u ∈ L2 (RN)},
where λ is a suitable positive constant that will be chosen later.
Let us compute a(u, u).
a(u, u) =
∫
RN
(
(1 + |x|α)|∇u|2 + (α− b)|x|α−2x ·Re(u∇u) + (c|x|α−2 + |x|β + λ)|u|2
)
dx,
+ i
∫
RN
(α− b)|x|α−2x · Im(u∇u) dx
and since Re(u∇u) = |u|∇|u| = 12∇|u|2, integrating by parts we obtain
Re a(u, u) =
∫
RN
(
(1 + |x|α)|∇u|2 +
[(
c− α− b
2
(α− 2 +N)
)
|x|α−2 + |x|β + λ
]
|u|2
)
dx.
An application of the classical Hardy inequality, where we have denoted the Hardy
constant by c0 =
(
N−2
2
)2
, gives
Re a(u, u) ≥
∫
RN
|x|α|∇u|2 dx + 1
2
∫
RN
|∇u|2 dx (2.3)
+
∫
RN
[
c0
2|x|2 +
(
c− 1− α− b
2
(α− 2 +N)
)
|x|α−2 + λ
]
|u|2 dx
+
∫
RN
|x|α−2|u|2 dx+
∫
RN
|x|β |u|2 dx.
We can now choose λ > 0 such that the quantity
c0
2|x|2 +
(
c− 1− α− b
2
(α− 2 +N)
)
|x|α−2 + λ > 0.
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This implies in particular that, for every u ∈ D(a), the following inequalities hold:∫
RN
|∇u|2 dx ≤ 2Re a(u, u) (2.4)∫
RN
(1 + |x|α)|∇u|2 dx ≤ 3Re a(u, u) (2.5)∫
RN
|x|α−2|u|2 dx ≤ Re a(u, u) (2.6)∫
RN
|x|β |u|2 dx ≤ Re a(u, u). (2.7)
Moreover, a is accretive on D(a), and hence we can associate to a the norm
‖u‖2a =
∫
RN
(1 + |x|α) |∇u|2+
((
c− α− b
2
(α− 2 +N)
)
|x|α−2 + |x|β + λ+ 1
)
|u|2dx.
We can easily show that a is continuous taking into account that∣∣∣∣∫
RN
|x|α−2x · ∇uv dx
∣∣∣∣ ≤ ∫
RN
|x|α−1|∇u||v| dx ≤
(∫
RN
|x|α|∇u|2 dx
) 1
2
(∫
RN
|x|α−2|v|2 dx
) 1
2
.
We want now to show that a is closed.
Proposition 2.1. The form a is closed on D(a).
Proof. Let un ∈ D(a) such that ‖un − um‖a → 0 as n,m → ∞. From estimate
(2.4) it follows that un is a Cauchy sequence in H
1(RN ) and then it converges to u
in H1(RN ) and u belongs to H1(RN ).
As a consequence of (2.5) we have that vn = (1 + |x|α) 12∇un is a Cauchy sequence
in L2(RN ). Since it converges to (1 + |x|α) 12∇u a.e., it also converges in L2(RN ) and
we have ∫
RN
(1 + |x|α)|∇un −∇u|2 dx→ 0
as n→∞. Combining estimates (2.6) and (2.7) gives that∫
RN
|x|α−2|un − u|2 dx→ 0
and ∫
RN
|x|β |un − u|2 dx→ 0
as n → ∞. Then u ∈ D(a) and limn→∞ ‖un − u‖a = 0. This implies the closedness
of a.

The next proposition shows that D0 is a core for a in L2(RN ).
Proposition 2.2. D0 is a core for a.
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Proof. Let us prove that H10 (R
N \ {0}) is dense in D(a) with respect to the form
norm. Take u ∈ D(a) and consider un = uϕn, where ϕn ∈ D0 is such that
ϕn = 0 in B(
1
n) ∪Bc(2n),
ϕn = 1 in B(n) \B( 2n),
0 ≤ ϕn ≤ 1,
|∇ϕn(x)| ≤ C 1|x| .
Observe that un ∈ H1(RN ) = H1(RN \ {0}), then since N ≥ 3, by [6, Remark 17],
un ∈ H10 (RN \ {0}).
We show now that un → u with respect to the norm of a. Indeed, un|x|β/2 →
u|x|β/2 and un|x|
α−2
2 → u|x|α−22 in L2(RN ) by dominated convergence.
As regards the other term we observe that
(1 + |x|α) 12 |∇un −∇u| = (1 + |x|α)
1
2 |(ϕn − 1)∇u+ u∇ϕn|
≤ (1 + |x|α) 12 (1− ϕn)|∇u|+ (1 + |x|α)
1
2 |u||∇ϕn|.
Therefore, it suffices to prove that the second term converges to 0 in L2(RN ). Indeed
it converges a.e. to 0 since
(1 + |x|α) 12 |u||∇ϕn| ≤ C (1 + |x|
α)
1
2
|x| |u|χKn ≤ |u|
(
C1
1
|x| + C2|x|
α−2
2
)
χKn
where Kn = B(
2
n) \ B( 1n) ∪ B(2n) \ B(n). We also observe that
∫
RN
|u|2
|x|2dx <
∞ by Hardy’s inequality and ∫
RN
|u|2|x|α−2dx < ∞ since u ∈ D(a). Then (1 +
|x|α) 12 |u||∇ϕn| converges to 0 in L2(RN ) by dominated convergence.

As a consequence of the previous results we obtain the following generation theorem
that we state without proof, c.f. [34, Theorem 1.52].
Theorem 2.3. The form a defined in (2.2) is densely defined, accretive, continuous
and closed. Therefore, it is associated to a closed operator −A˜ on L2(RN ) defined by
D(A˜) : = {u ∈ D(a) : ∃ v ∈ L2(RN ) s.t. a(u, h) = 〈v, h〉, ∀h ∈ D(a)}
−A˜u : = v.
Moreover, A˜ is the generator of a strongly continuous analytic contraction semigroup
on L2(RN ).
It is clear that A˜ is an extension of (Ab,c − λ,D0). Indeed if u ∈ D0, by (2.1) it
follows that
a(u, v) = −
∫
RN
(Ab,cu− λu)v dx
for every v ∈ D0 and, since D0 is a core for a, it holds for every v ∈ D(a). Hence
Ab,cu− λu = A˜u.
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We now turn to another property of the semigroup (etA˜)t≥0. If our contraction
semigroup on L2 satisfies the L∞-contractivity property, then using the Riesz-Thorin
interpolation theorem, we can extend each operator from L2(RN ) ∩ Lp(RN ) to a
contraction operator on Lp for 2 ≤ p ≤ ∞.
Theorem 2.4. Let N ≥ 3, α ∈ (0, 2), β > 0, b ∈ R and c ≥ 0. The semigroup
(etA˜)t≥0 extrapolates to a family of consistent contraction C0-semigroups on Lp(RN )
for every p ∈ [2,∞).
Proof. Let us first prove that the semigroup (etA˜)t≥0 is sub-Markovian, i.e.
(etA˜)t≥0 is both positive and L∞-contractive. We want to apply Ouhabaz’s crite-
rion [34, Corollary 2.17]. It states that the sub-Markovian property is equivalent to
the following assertions:
(a) u ∈ D(a) =⇒ (Re u)+, (1 ∧ |u|) sign u ∈ D(a);
(b) Re a(u, (|u| − 1)+ signu) ≥ 0;
(c) a(Re u, Imu) ∈ R, a((Re u)+, (Re u)−) ≤ 0.
Recall the notations 1 ∧ |u| := inf{1, |u|} and (|u| − 1)+ := sup{|u| − 1, 0}. Then let
u ∈ D(a). It is known that (1 ∧ |u|) sign u ∈ H1(RN ) and
Dj((1 ∧ |u|) sign u) = Djuχ{|u|≤1} + i
Im(sign uDju)
|u| sign uχ{|u|>1},
where sign u = u|u|χ{u 6=0}. Then, it follows that,∫
RN
(1 + |x|α)|∇((1 ∧ |u|) sign u)|2 dx ≤
∫
RN
(1 + |x|α)|∇u|2 dx <∞
and hence (1 + |x|α) 12 |∇((1 ∧ |u|) sign u)| ∈ L2(RN ).
One can make similar computations to show that (|x|α−2) 12 (1∧|u|) sign u ∈ L2(RN )
and (|x|β) 12 (1 ∧ |u|) sign u ∈ L2(RN ). Also a similar argument shows that (Reu)+ ∈
D(a) and this takes care of (a).
Let us now prove (b). Denoting as V = c|x|α−2 + |x|β +λ and v = (|u| − 1)+ signu
one has
v =
(
u− u|u|
)
χ{|u|≥1} = u
( |u| − 1
|u|
)
χ{|u|≥1}
and
a(u, v) =
∫
RN
(1 + |x|α)∇u · ∇v dx+ (α− b)
∫
RN
|x|α−2x · ∇uv dx+
∫
RN
V uv dx.
Moreover, the following inequalities hold
Re (∇u · ∇v) ≥ |∇u|2, Re (v∇u) = Re (v∇v) .
Indeed, ∇u · ∇v = ∇v · ∇v +∇(u− v) · ∇v. Using the fact that Re(u∇u) = |u|∇|u|
and |∇u| ≥ ∇|u|, we obtain
Re (∇(u− v) · ∇v) = 1|u|
(|∇u|2 − |∇|u||2) ≥ 0.
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Then, we have
Re a(u, (|u| − 1)+ signu) ≥
∫
RN
(1 + |x|α)|∇v|2 dx+ (α− b)
∫
RN
|x|α−2x · 1
2
∇|v|2 dx
+
∫
RN
V uv dx
=
∫
RN
(1 + |x|α)|∇v|2 dx− (α− b)
2
(α− 2 +N)
∫
RN
|x|α−2|v|2 dx
+
∫
RN
V uv dx.
Since uv ≥ |v|2 and c ≥ 0 it follows that V uv ≥ V |v|2. An application of Hardy’s
inequality gives
Re a(u,(|u| − 1)+ signu) ≥
∫
RN
|x|α|∇v|2 dx+ 1
2
∫
RN
|∇v|2 dx+
∫
RN
|x|α−2|v|2 dx
+
∫
RN
(
c0
2|x|2 +
(
c− 1− (α− b)
2
(α− 2 +N)
)
|x|α−2 + |x|β + λ
)
|v|2 dx.
Hence,
Re a(u, (|u| − 1)+ sign u) ≥ 0.
This proves assertion (b).
Finally, assertion (c) follows easily.
Therefore one obtains ||etA˜||∞ ≤ 1. Taking into account the L2-contractivity and
using the Riesz-Thorin interpolation theorem we can extend each operator etA˜ to an
operator, still denoted by etA˜, on Lp(RN ) for every 2 ≤ p ≤ ∞. Moreover the family
(etA˜)t≥0 defines a consistent family of C0−semigroup of contractions on Lp(RN ) for
every 2 ≤ p ≤ ∞. 
We denote by A˜p = (A˜b,c,Dp(A˜)) the generators of the semigroups e
tA˜ in Lp(RN ).
Observe that A˜p is an extension of Ab,c − λ.
Let us now focus on the case c < 0. Consider the extrapolated semigroups when c =
0, (etA˜b,0)t≥0, and consider the sequence of bounded potentialsWn = max{−n, c|x|α−2}
with c < 0. By perturbation of bounded operators we have that the sum A˜n =
A˜b,0 −Wn generates a C0−semigroup on Lp(RN ). Moreover
0 ≤ et(A˜b,0−Wn) ≤ et(A˜b,0−Wn+1).
Reasoning as in [2] one can prove the following result.
Theorem 2.5. Let N ≥ 3, α ∈ (0, 2), β > 0, b ∈ R and c < 0. The sequence of
semigroups etA˜n converges to a contractive C0-semigroup in L
p(RN ) and its generator
is an extension of (Ab,c − λ,D0).
Proof. To prove the convergence of the semigroups we proceed as in [2, Proposi-
tion 3.6] . Since the sequence is monotone we have to prove that the semigroups etA˜n
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are contractive. For that we prove the dissipativity of A˜b,0 −Wn for all n ∈ N. We
emphasize the dependence by c setting a = ac. Let u ∈ Dp(A˜b,0 −Wn) = Dp(A˜b,0).
By [34, Theorem 3.11] one has |u|p/2 ∈ D(a0) and
Re(−A˜b,0u+Wnu, |u|p−1 signu) ≥ 2
p
a0(|u|p/2, |u|p/2) + Re(Wnu, |u|p−1 signu)
=
2
p
acp/2(|u|p/2, |u|p/2) ≥ 0.
Hence, A˜b,0−Wn is dissipative for all n ∈ N and it follows that the semigroups etA˜n
are contractive and converge strongly in Lp(RN ) to a C0-semigroup which we denote
by etB .
Now we want to show that (B,D(B)) is an extension of (Ab,c−λ,D0). Let u ∈ D0.
We have u ∈ Dp(A˜b,0). Moreover there exists n0 such that for every n ≥ n0 we have
Wn =W in the support of u. Then
A˜nu = (A˜b,0 −W )u = A˜b,cu = v.
Now we observe that for all n ≥ n0
etA˜nu− u =
∫ t
0
esA˜nvds.
Taking the limit for n→∞ we have
etBu− u =
∫ t
0
esBvds
then u ∈ D(B) and A˜b,cu = Bu. 
Since A˜u = Ab,cu − λu on D0 we can state that an extension of A generates the
semigroup etAb,c = eλtetA˜. We denote by Ap = (Ab,c,Dp(A)) the extension of A that
generates the semigroup etAb,c on Lp(RN ), 2 ≤ p <∞. As regards the case 1 < p < 2
we take the formal adjoint of Ap and observe that (A
∗,Dp(A∗)) is an estension of
(Aˆb1,c1 ,D0) where
Aˆb1,c1 = (1 + |x|α)∆ + b1|x|α−2x · ∇ − c1|x|α−2 − |x|β − λ
with b1 = 2α− b and c1 = (b− α)(α − 2 +N).
Then by duality we can state that (Aˆb1,c1 ,D0) admits an extension which is the
generator of a C0−semigroup in Lp(RN ) for p ∈ (1, 2).
We summarize the results obtained in this section in the following theorem.
Theorem 2.6. Let N ≥ 3, α ∈ (0, 2), β > 0, b, c ∈ R. There exists Ap = (Ab,c,D(Ap)),
an extension of (Ab,c,D0), that generates a C0-semigroup in Lp(RN ) for any 1 < p <
∞.
Remark 2.7. In this final remark we observe that generation of an analytic semigroup
in Lp(RN ), p ∈ (1,∞) when α ∈ [1, 2), β ≥ 0, N ≥ 3 and c = 0 is straightforward.
Indeed, in this case the operator F = b|x|α−2x · ∇ is a small perturbation of the
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operator A0,0 = (1 + |x|α)∆ − |x|β studied in [22]. It is easy to prove then that the
operator
A0,0 + F = (1 + |x|α)∆ + b|x|α−2x · ∇ − |x|β
with domain
D(A0,0) = {u ∈W 2,p(RN ) : (1 + |x|α)|D2u|, (1 + |x|α)
1
2 |∇u|, |x|βu ∈ Lp(RN )} (2.8)
generates an analytic semigroup on Lp(RN ) for 1 < p <∞.
Indeed, it suffices to notice that by [22, Theorem 2.5 and Proposition 2.9] we know
that the Lp realisation of A0,0 with domain (2.8) generates a strongly continuous
analytic semigroup in Lp(RN ), p ∈ (1,∞). Since for α ∈ [1, 2) the term |x|α−1 is
controlled by (1 + |x|α) 12 one has that D(A0,0) ⊂ D(F ). Moreover, we can apply the
estimate (2.3) proved in [22, Proposition 2.3] to infer that there exist two positive
constants ε0, Cε such that
||Fu||p ≤ ||(1 + |x|α)
1
2 |∇u|||p ≤ ε||(1 + |x|α)∆u− |x|βu||p + Cε||u||p (2.9)
for any ε ∈ (0, ε0] and u ∈ W 2,p(RN ). By (2.9) we obtain that F is A0,0-bounded
with A0,0 bound as small as we want. Therefore we can apply [15, III, Theorem 2.10]
to claim that (A0,0 + F,D(A0,0)) generates an analytic semigroup in L
p(RN ) for any
1 < p <∞.
3. Sectoriality of A
In this section we discuss the sectoriality of the operator Ab,c. To this purpose a
Lp-generalization of the classical Hardy inequality is needed. If N ≥ 3 and p ≥ 2 one
has (
N − 2
p
)2 ∫
RN
|u|p
|x|2 dx ≤
∫
RN
|∇u|2|u|p−2dx (3.1)
for every u ∈ C1c (RN ). As regards the case 1 < p < 2 the following inequality holds(
N − 2
p
)2 ∫
RN
|u|p
|x|2 dx− 2p
−2(N − 2)σN−1RN−2δp/2 ≤
∫
RN
|∇u|2 (u2 + δ) p−22 dx
(3.2)
for every u ∈ C1c (RN ) and any δ > 0 (see [33, Lemmas 2.2, 2.3]). If u ∈W 1,p(RN ) then
by [26, Corollary 2.2] we have that the function |u|p−2|∇u|2 is in L1(RN ) (actually
one should consider the function |u|p−2|∇u|2χ{u 6=0}), hence we can take the limit as
δ → 0 in (3.2).
So, we can use (3.1) for functions in W 1,p(RN ) for both p ≥ 2 and p ∈ (1, 2).
The following result shows that the operator Ab,c is sectorial on D.
Proposition 3.1. Let p > 1, N ≥ 3. Then for every 0 ≤ α < 2, β > 0 and b, c ∈ R,
there exist ω > 0 and lα > 0 such that for every u ∈ C∞c (RN ) we have
| Im〈A˜u, |u|p−2u〉| ≤ l−1α
[
−Re〈A˜u, |u|p−2u〉
]
(3.3)
where A˜ = Ab,c − ω.
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Proof. Let A˜ = Ab,c − ω, u ∈ C∞c (RN ) and set u∗ = u|u|p−2. Multiplying A˜u by
u∗ and integrating over RN , one obtains∫
RN
A˜uu∗dx =−
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx−
∫
RN
a(x)|u|p−4| Im(u¯∇u)|2dx
(3.4)
−
∫
RN
u¯|u|p−2∇a(x)∇udx− (p − 2)
∫
RN
a(x)|u|p−4u¯∇u|Re(u¯∇u)|dx
+ b
∫
RN
u¯|u|p−2|x|α−1 x|x|∇udx−
∫
RN
(
|x|β + c|x|α−2 + ω
)
|u|pdx,
where a(x) = 1+ |x|α. We note here that the integration by part in the singular case
1 < p < 2 is allowed thanks to [26].
By taking the real part of the left hand side, we have
Re
(∫
RN
A˜uu∗dx
)
= −(p− 1)
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx
−
∫
RN
a(x)|u|p−4| Im(u¯∇u)|2dx−
∫
RN
|u|p−2∇a(x)Re(u¯∇u)dx
+ b
∫
RN
|u|p−2|x|α−1 x|x| Re(u¯∇u)dx−
∫
RN
(
|x|β + c|x|α−2 + ω
)
|u|pdx
= −(p− 1)
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx−
∫
RN
a(x)|u|p−4| Im(u¯∇u)|2dx
+
∫
RN
(
(α− b)(N − 2 + α)
p
|x|α−2 − |x|β − c|x|α−2 − ω
)
|u|pdx.
Let p ≥ 2, using the identity Re(u∇u) = |u|∇|u| and the generalized Hardy in-
equality (3.1) for |u|, we have
− (p− 1)
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx
≤ −(p− 1)
2
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx− (p− 1)
2
∫
RN
|u|p−4|Re(u¯∇u)|2dx
≤ −(p− 1)
2
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx− p− 1
2
(
N − 2
p
)2 ∫
RN
|u|p
|x|2 dx.
Therefore,
Re
(∫
RN
A˜uu∗dx
)
≤ −(p− 1)
2
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx−
∫
RN
a(x)|u|p−4| Im(u¯∇u)|2dx
+
∫
RN
(
−c1 1|x|2 +
(
(α− b)(N − 2 + α)
p
− c
)
|x|α−2 − |x|β − ω
)
|u|pdx
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where c1 =
p−1
2
(
N−2
p
)2
. We can choose ω > 0 such that
− c1|x|2+
(
(α− b)(N − 2 + α)
p
− c
)
|x|α−2−|x|β−ω ≤ −
∣∣∣∣(α− b)(N − 2 + α)p − c
∣∣∣∣ |x|α−2.
Furthermore,
−Re
(∫
RN
A˜u u⋆dx
)
≥ p− 1
2
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx
+
∫
RN
a(x)|u|p−4| Im(u¯∇u)|2dx+ c2
∫
RN
|u|p|x|α−2dx
=
(p− 1)
2
B2 + C2 + c2D
2,
where c2 =
∣∣∣ (α−b)(N−2+α)p − c∣∣∣ is a positive constant and
B2 =
∫
RN
a(x)|u|p−4|Re(u¯∇u)|2dx,
C2 =
∫
RN
a(x)|u|p−4| Im(u¯∇u)|2dx,
D2 =
∫
RN
|x|α−2|u|pdx.
Taking now the imaginary part of the left hand side in (3.4), we obtain
Im
(∫
RN
A˜uu∗dx
)
=− (p− 2)
∫
RN
a(x)|u|p−4 Im(u¯∇u)Re(u¯∇u)dx
−
∫
RN
|u|p−2∇a(x) Im(u¯∇u)dx+ b
∫
RN
|u|p−2|x|α−1 x|x| Im(u¯∇u)dx.
Moreover,∣∣∣∣Im(∫
RN
A˜u u∗dx
)∣∣∣∣ ≤ |p − 2|(∫
RN
|u|p−4a(x)|Re(u¯∇u)|2dx
) 1
2
(∫
RN
|u|p−4a(x)| Im(u¯∇u)|2dx
) 1
2
+|α− b|
(∫
RN
|u|p−4|x|α| Im(u¯∇u)|2 dx
) 1
2
(∫
RN
|u|p|x|α−2 dx
) 1
2
≤ |p − 2|BC + |α− b|CD.
Hence, it is possible to determine a positive constant lα such that
(p− 1)
2
B2 + C2 + c2D
2 ≥ lα{|p− 2|BC + |α− b|CD}.
As a consequence of the above estimates, we conclude the sectorial estimate (3.3),
that is ∣∣∣∣Im(∫
RN
A˜uu∗dx
)∣∣∣∣ ≤ l−1α [−Re(∫
RN
A˜uu∗dx
)]
.

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4. The operator A for b = 0
In this section we consider the case b = 0 and we treat the operator as a sum
of A0,0 = (1 + |x|α)∆ − |x|β and the potential W = |x|α−2 and show that −A0,c =
−A0,0 + cW defined on
D(A0,0) = {u ∈W 2,p(RN ) : (1 + |x|α)|D2u|, (1 + |x|α)
1
2 |∇u|, |x|βu ∈ Lp(RN )}
is maximal accretive on Lp(RN ) for 1 < p < N−α2−α and every c ∈ R. Moreover C∞c (RN )
is a core for A0,c.
As already recalled, in [22] L. Lorenzi and A. Rhandi proved generation results for
A0,0 and that C
∞
c (R
N ) is a core for (A0,0,D(A0,0)). In order to treat −A0,0 + cW we
use the following perturbation theorem due to N. Okazawa, see [33, Theorem 1.7].
Theorem 4.1. Let A and B be linear m−accretive operators in Lp(RN ). Let D be a
core for A and let {Bε} be the Yosida approximation of B. Assume that
(i) there are constants a1, a2 ≥ 0 and k1 > 0 such that for all u ∈ D and ε > 0
Re〈Au,F (Bεu)〉 ≥ k1‖Bεu‖2p − a2‖u‖2p − a1‖Bεu‖p‖u‖p
where F is the duality map on Lp(RN ) to Lp′(RN ).
Then B is A−bounded with A−bound k−11 :
‖Bu‖p ≤ k−11 ‖Au‖p + k0‖u‖, u ∈ D(A) ⊂ D(B).
Assume further that
(ii) Re〈u, F (Bεu)〉 ≥ 0, for all u ∈ Lp(RN ) and ε > 0;
(iii) there is k2 > 0 such that A− k2B is accretive.
Set k = min{k1, k2}. If t > −k then A + tB with domain D(A + tB) = D(A) is
m-accretive and any core of A is also a core for A + tB. Furthermore, A − kB is
essentially m-accretive on D(A).
In our situation the Yosida approximation of W is given by Wε(x) =
W
1+εW =
1
|x|2−α+ε and the duality map is given by F (Wε) =W
p−1
ε u|u|p−2‖Wεu‖2−pp .
We will use a Lp−generalization of the classical Hardy inequality. If 1 < p < ∞
and δ ≥ 0 then the following inequality holds(
N − 2 + δ
p
)2 ∫
RN
|v|p
|x|2 |x|
δdx ≤
∫
RN
|∇v|2|v|p−2|x|δdx (4.1)
for every v ∈ C∞c
(
R
N
)
, cf. [16, Lemma 2.4]. In order to apply the above theorem we
need the following estimates that we prove for the complete operator Ab,c.
Lemma 4.2. Let p > 1. Assume that N ≥ 3, 0 ≤ α < 2, β > α− 2.
(i) If p < N−α2−α , then for every u ∈ C∞c (RN ) and for every k ∈ R there exists
a1 ≥ 0 such that
Re〈−Ab,cu,W p−1ε u|u|p−2〉 ≥ k‖Wεu‖pp − a1‖Wεu‖p−1p ‖u‖p. (4.2)
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(ii) If p = N−α2−α , then for every u ∈ C∞c (RN ) we have
Re〈−Ab,cu,W p−1ε u|u|p−2〉 ≥ k1‖Wεu‖pp − a1‖Wεu‖p−1p ‖u‖p (4.3)
where k1 = k1(b, c) =
(
α− 2 + Np
)(
−α+ b+ Np′
)
+ c and a1 ≥ 0.
Proof. Let u ∈ C∞c (RN ). Observe that the terms |x|α−2 and |x|α−2x · ∇u belong
to Lp(RN ) thanks to the condition p ≤ N−α2−α . Multiplying Ab,cu by W p−1ε u|u|p−2 and
integrating over RN we obtain the following. We note here that the integration by
part in the singular case 1 < p < 2 is allowed thanks to [26].
−
∫
RN
Ab,cuW
p−1
ε u|u|p−2dx = −
∫
RN
a(x)∆uW p−1ε u|u|p−2 + b|x|α−2x · ∇uW p−1ε u|u|p−2dx
+
∫
RN
c|x|α−2W p−1ε |u|p + |x|βW p−1ε |u|pdx,
where a(x) = (1 + |x|α). Then
−
∫
RN
a(x)∆uW p−1ε u|u|p−2dx =
∫
RN
∇u · ∇ (a(x)W p−1ε u|u|p−2) dx
=
∫
RN
∇u · ∇ (u|u|p−2) a(x)W p−1ε + a(x)∇u · ∇W p−1ε u|u|p−2 + α|x|α−2x∇uW p−1ε u|u|p−2 dx.
Recalling that
Re
(∇u · ∇ (u|u|p−2)) = (p− 1)|u|p−4|Re (u∇u) |2 + |u|p−4| Im (u∇u) |2,
and
Re (u∇u) = |u|∇|u|,
we have
Re
(
−
∫
RN
a(x)∆uW p−1ε u|u|p−2 + b|x|α−2x · ∇uW p−1ε u|u|p−2dx
)
= (p− 1)
∫
RN
a(x)W p−1ε |u|p−4|Re (u∇u) |2dx
+
∫
RN
a(x)W p−1ε |u|p−4| Im (u∇u) |2dx
+
1
p
∫
RN
a(x)∇W p−1ε · ∇|u|p + (α− b)W p−1ε |x|α−2x · ∇|u|pdx.
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Then,
Re
(
−
∫
RN
Ab,cuW
p−1
ε u|u|p−2dx
)
≥ (p− 1)
∫
RN
(1 + |x|α)W p−1ε |u|p−2|∇|u||2dx
+
∫
RN
−1
p
div
[
a(x)∇W p−1ε + (α− b)W p−1ε |x|α−2x
] |u|p + c|x|α−2W p−1ε |u|p + |x|βW p−1ε |u|pdx
= (p− 1)
∫
RN
(1 + |x|α)W p−1ε |u|p−2|∇|u||2dx
− 1
p
∫
RN
[∇a(x) · ∇W p−1ε + a(x)∆W p−1ε + (α− b)|x|α−2((α− 2 +N)W p−1ε + x · ∇W p−1ε )] |u|pdx
+
∫
RN
c|x|α−2W p−1ε |u|p + |x|βW p−1ε |u|pdx
= (p− 1)
∫
RN
(1 + |x|α)W p−1ε |u|p−2|∇|u||2dx
− 1
p
∫
RN
[
(2α − b)|x|α−2x · ∇W p−1ε + (1 + |x|α)∆W p−1ε + (α− b)(α − 2 +N)|x|α−2W p−1ε
] |u|pdx
+
∫
RN
c|x|α−2W p−1ε |u|p + |x|βW p−1ε |u|pdx.
We first note that
∇W p−1ε = γW pε |x|−αx , and
∆W p−1ε = |x|−αγ
(
N − α+ p(α− 2)Wε|x|2−α
)
W pε ,
with γ = (α− 2)(p − 1), to infer that
Re
(
−
∫
RN
Ab,cuW
p−1
ε u|u|p−2dx
)
(4.4)
≥ (p− 1)
∫
RN
(1 + |x|α)W p−1ε |u|p−2|∇|u||2dx
− 1
p
∫
RN
[
(2α− b)γ + (1 + |x|α)γ|x|−α (N − α+ p(α− 2)|x|−α+2Wε)
+(α− b)(α − 2 +N)|x|α−2W−1ε
]
W pε |u|pdx
+
∫
RN
c|x|α−2W p−1ε |u|p + |x|βW p−1ε |u|pdx.
Now, we begin estimating the term (p − 1) ∫
RN
(1 + |x|α)W p−1ε |u|p−2|∇|u||2dx by
mean of the Hardy inequality (4.1). First, we choose v =W
p−1
p
ε |u| and δ = α.
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One has
(
α− 2 +N
p
)2 ∫
RN
|x|α−2W p−1ε |u|pdx ≤
∫
RN
|x|αW p−1ε |u|p−2|∇|u||2dx
+
γ2
p2
∫
RN
|x|−α+2W p+1ε |u|pdx−
2
p2
∫
RN
(|x|α∆W p−1ε + α|x|α−2x · ∇W p−1ε ) |u|pdx
that is
∫
RN
|x|αW p−1ε |u|p−2|∇|u||2dx ≥∫
RN
[(
α+N − 2
p
)2
|x|α−2W−1ε −
γ2
p2
|x|−α+2Wε
+
2
p2
γ(N − α+ p(α− 2)|x|−α+2Wε) + 2
p2
γα
]
W pε |u|pdx.
In the same way we choose v =W
p−1
p
ε |u| and δ = 0 to obtain
(
N − 2
p
)2 ∫
RN
|x|−2W p−1ε |u|pdx ≤
∫
RN
W p−1ε |u|p−2|∇|u||2dx (4.5)
+
γ2
p2
∫
RN
|x|−2α+2W p+1ε |u|pdx−
2
p2
∫
RN
∆W p−1ε |u|pdx
that is
∫
RN
W p−1ε |u|p−2|∇|u||2dx ≥
∫
RN
|x|−αW pε |u|p (4.6)[(
2−N
p
)2
|x|α−2W−1ε −
γ2
p2
|x|−α+2Wε + 2
p2
γ
(
N − α+ p(α− 2)|x|−α+2Wε
)]
dx.
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Therefore, putting together (4.4), (4.5) and (4.6), we get
Re
(
−
∫
RN
Ab,cuW
p−1
ε u|u|p−2dx
)
≥
∫
RN
W pε |u|p [
− 1
p
(2α − b)γ − 1
p
γ(N − α) + (p − 1)
(
2
p2
γ(N − α) + 2
p2
γα
)
+
(
−1
p
γp(α− 2) + (p− 1)
(
−γ
2
p2
+
2
p2
γp(α− 2)
))
|x|−α+2Wε
+
(
−1
p
(α− b)(α+N − 2) + (p− 1)
(
α+N − 2
p
)2
+ c
)
|x|α−2W−1ε
+ |x|−α
(
−1
p
γ(N − α) + (p − 1) 2
p2
γ(N − α)
)
+ |x|−α
(
−1
p
γp(α− 2) + (p− 1)
(
−γ
2
p2
+
2
p2
γp(α− 2)
))
|x|−α+2Wε
+ |x|−α(p − 1)
(
N − 2
p
)2
|x|α−2W−1ε
+|x|β−α+2|x|α−2W−1ε
]
dx
=
∫
RN
W pε |u|p [
+
γ
p2
(−2α+ (N − α)(p − 2)) + bγ
p
− γ
p2
(α− 2)|x|−α+2Wε
+
(
α− 2 +N
p
(
b+
−α+ (p− 1)(N − 2)
p
)
+ c
)
|x|α−2W−1ε
+ |x|−α
(
γ
p2
(N − α)(p − 2)
)
− |x|−α
(
γ
p2
(α− 2)
)
|x|−α+2Wε
+ |x|−α(p − 1)
(
N − 2
p
)2
|x|α−2W−1ε
+|x|β−α+2|x|α−2W−1ε
]
dx.
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Now, taking into account that |x|−α+2Wε ≤ 1, |x|α−2W−1ε = 1 + ε|x|α−2 and that
γ ≤ 0, we finally have
Re
(
−
∫
RN
Ab,cuW
p−1
ε u|u|p−2dx
)
≥
∫
RN
W pε |u|p [
+
γ
p2
(−2α+ (N − α)(p − 2)) + bγ
p
− γ
p2
(α− 2) + α− 2 +N
p
(
b+
−α+ (p− 1)(N − 2)
p
)
+ c
+ |x|−α
[
γ
p2
(N − α)(p − 2)− γ
p2
(α− 2) + (p − 1)
(
N − 2
p
)2]
+|x|α−2ε
[
α− 2 +N
p
(
b+
−α+ (p− 1)(N − 2)
p
)
+ c
]
+ |x|β−α+2
]
dx
=
∫
RN
W pε |u|p
[
−(α− b+ γ)γ + α+N − 2
p
+ (p− 1)
(
γ + α+N − 2
p
)2
+ c
+ |x|−α
(
−γ γ +N − 2
p
+ (p − 1)
(
γ +N − 2
p
)2)
+|x|α−2ε
[
α− 2 +N
p
(
b+
−α+ (p− 1)(N − 2)
p
)
+ c
]
+ |x|−2ε(p − 1)
(
N − 2
p
)2
+ |x|β−α+2
]
dx
=
∫
RN
W pε |u|p
[
k1 + |x|−αk2 + |x|α−2εk3 + |x|−2εk4 + |x|β−α+2
]
dx,
where, k1, k2, k3, k4 are explicit constants which are given by
k1 = −(α−b+γ)γ + α+N − 2
p
+(p−1)
(
γ + α+N − 2
p
)2
+c =
(
α− 2 + N
p
)(
−α+ b+ N
p′
)
+c,
k2 = −γ γ +N − 2
p
+ (p − 1)
(
γ +N − 2
p
)2
=
(
α
p′
− 2 + N
p
)(
−α
p′
+
N
p′
)
,
k3 =
α− 2 +N
p
(
b+
−α+ (p− 1)(N − 2)
p
)
+ c,
and
k4 = (p − 1)
(
N − 2
p
)2
.
If γ + N − 2 > 0 which is equivalent to p < N−α2−α (that is our natural condition)
one has k2 ≥ 0.
Now, it suffices to add and subtract to the right hand side the term a1
∫
RN
W
p−1
ε |u|pdx,
where a1 ≥ 0 is a suitable constant to be chosen later. First, using Ho¨lder inequality
we obtain∫
RN
W p−1ε |u|pdx ≤
(∫
RN
(
W p−1ε |u|p−1
)p′
dx
) 1
p′
(∫
RN
|u|p dx
) 1
p
= ‖Wεu‖p−1p ‖u‖p.
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Hence, we get
Re
(
−
∫
RN
Ab,cuW
p−1
ε u|u|p−2dx
)
≥∫
RN
[
k1 + |x|−αk2 + |x|α−2εk3 + |x|−2εk4 + |x|β−α+2 + a1(|x|2−α + ε)
]
W pε |u|pdx
− a1‖Wεu‖p−1p ‖u‖p.
Now, in order to establish (4.2) and (4.3) we analyze the function
q(x) = k1 + |x|−αk2 + |x|β−α+2 + |x|2−αa1 + ε
(|x|α−2k3 + |x|−2k4 + a1) .
We first consider the case k2 > 0 and claim that for every k > 0 there exists a
suitable a1 ≥ 0 such that q(x) ≥ k. Indeed, observe that since k4 > 0 and −2 < −α
we have limx→0 |x|α−2k3 + |x|−2k4 = +∞ and limx→∞ |x|α−2k3 + |x|−2k4 = 0; then
the function |x|α−2k3 + |x|−2k4 attains a minimum v1. Taking a1 > |v1| we have
q(x) ≥ k1 + |x|−αk2 + |x|β−α+2 + |x|2−αa1.
Now set k ∈ R and observe that limx→0 k1 + |x|−αk2 + |x|β−α+2 − k = +∞ and
limx→∞ k1+|x|−αk2+|x|β−α+2−k = +∞; then the function k1+|x|−αk2+|x|β−α+2−k
attains a minimum ν2 and, moreover, there exists r1 such that for |x| ≤ r1 we have
k1 + |x|−αk2 + |x|β−α+2 − k > 0. Then we can choose a1 such that r2−α1 a1 ≥ |ν2| and
have that k1 + |x|−αk2 + |x|β−α+2 + |x|2−αa1 − k > 0 for every x ∈ RN . Therefore
taking a1 ≥ max{|ν1|, |ν2|r2−α
1
} we obtain the desired result.
As regards the case k2 = 0 we can argue in the same way taking into account that
limx→0 k1 + |x|−αk2 + |x|β−α+2 − k = k1.

As an easy consequence of the above result one has that W is A0,0−bounded that
is
‖Wu‖p ≤ k−1‖A0,0‖+ C‖u‖, u ∈ D(A0,0) ⊂ D(W ).
Now, we are in position to prove the main result of this section.
Theorem 4.3. Assume that N ≥ 3, 0 ≤ α < 2, β > α− 2.
(i) If 1 < p < N−α2−α , then for every c ∈ R, A0,c is quasi m−accretive on Dp(A0,0)
and D is a core.
(ii) If p = N−α2−α and if c > −k1, where k1 =
(
α− 2 + Np
)(
−α+ Np′
)
, then A0,c is
quasi m−accretive on Dp(A0,0) and D is a core. Moreover A0,k1 is essentially
m-accretive.
Proof. In order to apply Theorem 4.1, we observe that both operators A0,0 and
W are m-accretive in Lp(RN ). Then Lemma 4.2, with b = c = 0, yields (i) in Theorem
4.1 with a2 = 0, moreover if b = c = 0 we have that k1 > 0. Observe that (i) holds
also for −A0,0 + λ for λ > 0 by changing the value of a1.
The second assumption (ii) in Theorem 4.1 is obviously satisfied. The last one,
(iii), is obtained by Proposition 3.1 setting b = 0.
20 S. E. BOUTIAH, L. CASO, F. GREGORIO, AND C. TACELLI

5. The general case Ab,c
In the following section we will prove the essential maximality of (Ab,c,D). The
first result is the density in Lp(RN ) of the range of λ−Ab,c for some λ > 0.
Proposition 5.1. Let 0 ≤ α < 2 and 1 < p < N−α2−α or p = N−α2−α and
b
(
α+N − 2
2
)
+
(
N
p
− 2 + α
)(
N
p′
− α
)
+ c > 0.
Then the range (λ−Ab,c) (D) is dense in Lp(RN ) for some λ > 0.
Proof. Suppose that there exists f ∈ Lp′ (RN) such that∫
RN
f(λ−Ab,c)ϕdx = 0 for all ϕ ∈ D.
We have to show that f = 0.
Let φ = (1 + |x|α)b/α, where b ∈ R is the coefficient of the drift term of Ab,c and
set ϕ = v√
φ
∈ D with v ∈ D. We note that the function φ is the function for which
the following holds
1
φ
div (φ∇ϕ) = ∆ϕ+ b |x|
α−2
1 + |x|αx · ∇ϕ, ϕ ∈ D.
A simple computation gives
(−Ab,c)ϕ = 1√
φ
[−(1 + |x|α)∆v + Uv] , (5.1)
where
U = (1 + |x|α)
[
−1
4
∣∣∣∣∇φφ
∣∣∣∣2 + 12 ∆φφ
]
+ |x|β + c|x|α−2,
that is
U = c˜|x|α−2 − |x|
2α−2
1 + |x|α
(
−b
2
4
+
bα
2
)
+ |x|β
with c˜ = b
(
α+N−2
2
)
+ c.
Now by (5.1) we have∫
RN
f(λ−Ab,c)ϕdx =
∫
RN
λfϕ+
f√
φ
[−(1 + |x|α)∆v + Uv] dx = 0.
We define h = f√
φ
∈ Lp′loc(RN ) ⊂ L1loc(RN ), then∫
RN
h [−(1 + |x|α)∆ + U + λ] v dx = 0.
Hence ∫
RN
h(1 + |x|α)∆v dx =
∫
RN
hv (λ+ U) dx
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and since p(α − 2) + N > α > 0 we have that |x|α−2 ∈ Lploc(RN ) and then λ + U ∈
L
p
loc(R
N ). Then we have
∆ [h(1 + |x|α)] = h (λ+ U) .
Applying the Kato’s inequality, that is,
∆|u| ≥ Re[sign u∆u] (5.2)
in the sense of distributions, for every u ∈ L1loc(RN ) such that ∆u ∈ L1loc(RN ), to
h(1 + |x|α) we obtain for every v ∈ D∫
RN
|h(1 + |x|α)|∆v dx ≥ Re
∫
RN
(sign h)v∆ [h(1 + |x|α)] dx.
Then up to change λ for a fixed ε > 0 we have
(sign h)∆ [h(1 + |x|α)] = |h| (λ+ U) ≥ |h|
(
λ+ (c˜− ε)|x|α−2 + |x|β
)
.
Then ∫
RN
|h|(1 + |x|α)∆v dx ≥
∫
RN
|h|
(
λ+ (c˜− ε)|x|α−2 + |x|β
)
v dx,
and hence ∫
RN
|h|(λ−A0,c˜−ε)v dx ≤ 0
for all v ∈ D. By Theorem 4.3 we have that (λ−A0,c˜−ε)D = Lp
(
R
N
)
for some λ > 0
if 1 < p < N−α2−α . If p =
N−α
2−α we require
b
(
α+N − 2
2
)
+
(
N
p
− 2 + α
)(
N
p′
− α
)
+ c > ε.
Hence ∫
RN
|h|g dx ≤ 0
for all g ∈ Lp(RN ). Take gn =
√
φ|f |p′−1ϑn ∈ Lp(RN ) where ϑn is a cutoff function
such that 0 ≤ ϑ ≤ 1, ϑ = 1 in B(n) and ϑ = 0 in B(2n)c. It holds∫
RN
|f |p′ϑn dx ≤ 0
for all n ∈ N. This implies that f = 0 and then the maximality is proved.

Now, we are ready to prove the main result of this section.
Theorem 5.2. Let 0 ≤ α < 2 and either 1 < p < N−α2−α or else p = N−α2−α and(
N
p
− 2 + α
)(
N
p′
− α+ b
)
+ c > 0. (5.3)
Then the closure of (Ab,c,D) generates an analytic C0−semigroup.
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Proof. We observe that since 1 < p ≤ N−α2−α we have that p(α − 1) > −N and
p(α− 2) > −N , then the drift and the potential terms of Ab,c belong to Lp(RN ). As
a consequence Ab,c maps D into Lp(RN ) and Ab,c is well defined in D as an operator
acting on Lp(RN ).
First we consider the case 1 < p < N−α2−α . By Proposition 3.1, for λ greater than a
suitable λ0 > 0, the operator −Ab,c+λ is accretive, then it is closable, by Proposition
5.1, the range (−Ab,c + λ)(D) (we can take λ > λ0) is dense in Lp(RN ). Hence the
closure of (Ab,c,D) is quasi m−accretive. By Lumer and Phillips Theorem, cf. e.g.
[35, Ch. I, Theorem. 4.3] or [14, Theorem 1.1], the closure of Ab,c is the generator
of a C0−semigroup on Lp(RN ). Since once again by Proposition 3.1 Ab,c is sectorial,
then the semigroup is analytic.
Now consider the case p = N−α2−α . Fix b ∈ R and choose c1 such that the hypothe-
ses of Proposition 5.1 are satisfied and such that the constant k1(b, c1) of Lemma
4.2 is positive. Arguing as before we have that the closure of (−Ab,c1 ,D) is quasi
m−accretive. We apply once again Okazawa’s perturbation Theorem 4.1 to the op-
erator obtained by the closure of (−Ab,c1 ,D) perturbed by W . Since k1(b, c1) > 0,
Lemma 4.2 gives condition (i) of Theorem 4.1. The second assumption (ii) is obvi-
ously satisfied. The last one, (iii), is obtained by Proposition 3.1. Finally we obtain
that −Ab,c1 + c2W defined on D is quasi essentially m-accretive if c2 ≥ −k1(b, c1).
Setting c = c1 + c2 we have that c2 ≥ −k1(b, c1) is equivalent to k1(b, c) > 0 which
is the condition (5.3).

Remark 5.3. In the case p = N−α2−α we observe that the condition(
N
p
− 2 + α
)(
N
p′
− α+ b
)
+ c > 0,
is the same condition as G. Metafune et al. in [24, Theorem 4.5].
We observe that since A is contained in (Ab,c,D) we have that the closure of
(Ab,c,D) coincides with Ap = (Ab,c,Dp(A)).
Finally, in the end of this section, we propose to prove that the closure of (Ab,c,D0)
coincides with Ap and to characterize the domain Dp(A). Observe that, by Lemma
4.2 and Theorem 4.1, for every u ∈ Dp(A) we have that
‖Wu‖p ≤ C (‖Ab,cu‖p + ‖u‖p) (5.4)
for some positive constants C.
The following proposition proves that D0 is a core for (Ab,c,D) and Dp(A) is in-
cluded in some weighted Sobolev space.
Proposition 5.4. If the hypotheses of Theorem 5.2 hold, then D0 is a core for Ap
which coincides with the closure of (Ab,c,D). Moreover
Dp(A) ⊂ {u ∈ Lp(RN )∩W 2,ploc (RN\{0}) : (1+|x|α)D2u, ||x|α−1∇u|, V u,Wu ∈ Lp(RN )}.
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Proof. First we prove that there exists a constant C > 0 such that for every
u ∈ D0 the following estimates hold
‖(1 + |x|α)∆u‖p ≤ C (‖Ab,cu‖p + ‖u‖p) ; (5.5)
‖|x|α−1∇u‖p ≤ C (‖Ab,cu‖p + ‖u‖p) ; (5.6)
‖|x|α−2u‖p ≤ C (‖Ab,cu‖p + ‖u‖p) ;
‖|x|βu‖p ≤ C (‖Ab,cu‖p + ‖u‖p) .
Indeed D0 ⊂ Dp(A), then if u ∈ D0 we have by (5.4) and by [22, Corollary 2.4]
‖Wu‖p ≤ C (‖Ab,cu‖p + ‖u‖p) ,
‖V u‖p ≤ C (‖A0,0u‖p + ‖u‖p) ,
(5.7)
for some positive constant C. Moreover by [25, Lemma 4.4] for every ε > 0 there
exists Cε > 0 such that
‖|x|α−1∇u‖p ≤ ε‖|x|αD2u‖p + Cε‖xα−2u‖p. (5.8)
Then applying the Caldero´n-Zygmund inequality to the function |x|αu and taking
into account (5.7) we have
‖|x|αD2u‖p ≤ C
(‖D2(|x|αu)‖p + ‖|x|α−1∇u‖p + ‖|x|α−2u‖p)
≤ C (‖|x|α∆u‖p + ‖|x|α−1∇u‖p + ‖|x|α−2u‖p)
≤ C (‖Ab,cu‖p + ‖|x|α−1∇u‖p + ‖V u‖p + ‖Wu‖p)
≤ C (‖Ab,cu‖p + ‖|x|α−1∇u‖p + ‖A0,0u‖p + ‖Ab,cu‖p)
≤ C (‖Ab,cu‖p + ‖|x|α−1∇u‖p) .
Then by (5.8)
‖|x|α−1∇u‖p ≤ ε
(‖Ab,cu‖p + ‖|x|α−1∇u‖p)+ Cε‖Wu‖p
for which the estimate (5.6) and then (5.5) follow.
Let u ∈ D and set un = ϕnu ∈ D0, where ϕn ∈ D0 such that 0 ≤ ϕn ≤ 1, ϕn = 0
in B
(
1
n
)
and ϕn = 1 in B
c
(
2
n
)
. Moreover |∇ϕn(x)| ≤ C 1|x| and |D2ϕn(x)| ≤ C 1|x|2 .
Arguing as in Proposition 2.2 we have that un converges to u with respect to the
operator norm, and then D0 is a core for the closure of (Ab,c,D).
Finally we observe that by local elliptic regularity it follows thatDp(A) ⊂W 2,ploc (RN\
{0}). And estimates (5.5), (5.6) and (5.7) hold in Dp(A) by density. 
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